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Square-well potential in quaternic quantum mechanics
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Abstract: The one-dimensional infinite square well is the simplest solution of quantum mechan-
ics, and consequently one of the most important. In this article, we provide this solution using
the real Hilbert space approach to quaternic quantummechanics (HQM). We further provide the
one-dimensional finite as well and a method to generate quaternic solutions from non-degenerate
complex solutions.
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I. INTRODUCTION
In a few words, quaternion quantum mechanics (HQM) formulates quantum mechanics using wave functions
evaluated over the quaternic number field (H). In other words, quaternic wave functions replace the usual
complex wave functions in Schro¨dinger equation. We will not introduce quaternions in this article, and a
beautiful introduction to quaternions is provided in [1], but we remark that quaternions are hyper-complex
numbers comprising three anti-commutative imaginary units, i, j and k, where, by way of example, ij = −ji.
Thus, if q ∈ H, then
q = x0 + x1i+ x2j+ x3k, where x0, x1, x2, x3 ∈ R, i2 = j2 = k2 = −1. (1)
The anti-commutativity of the imaginary units turns quaternions into non-commutative hyper-complex num-
bers. We adopt quaternions in symplectic notation, where the definition (1) is
q = z0 + z1j, z0 = x0 + x1i and z1 = x2 + x3i. (2)
If quaternions generalize the complex numbers, one can hypothesize that replacing a complex wave function
with a quaternic wave function we can generalize quantum mechanics. The first proposal to HQM demanded
anti-hermitian Hamiltonian operators, and a book by Stephen Adler [2] summarizes a large amount of re-
sults concerning this approach. This anti-hermitian quatenionic theory has several drawbacks, such as the
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2ill-defined classical limit, something that is clearly described in Adlers’s book. Furthermore, anti-hermitian
HQM solutions are rare, complicated, and difficult to interpret. By way of example, we quote several results of
this sort [3–25]. We also point out the existence of quaternic applications in quantum mechanics that cannot
be considered HQM, such as [26–31].
More recently, a novel approach to HQM eliminated the anti-hermiticity requirement for the Hamiltonian
[32, 33]. Using this approach, it was possible to obtain well defined classical limits [32] and a proof of the Virial
theorem [34]. We can confidently state that the real Hilbert space HQM is physically consistent in a higher
level than the anti-Hermitian HQM. Explicit solutions using this approach are the Aharonov-Bohm effect [35],
the free particle [36, 37], the quantum Lorentz law [34] and the scattering [38].
In this article, we obtained further explicit solutions of HQM using the real Hilbert space approach: the
infinite square well and the finite square well. Although these solutions are probably the simplest quantum
systems, they were never solved in HQM. The novel solutions demanded changes in the topology of domain
of the wave function, in the boundary conditions and also the expansion of the quaternic wave function into
Fourier series. Using these changes as a strategy, quaternic solutions were found. The research of simple
solutions are of utmost importance to HQM. First of all, because they permit a basis where complex quantum
mechanics (CQM) and HQM can be compared. Additionally, they will serve as models for more sophisticated
quaternic systems that will be build in the future.
The article is organized as follows. In Section II we revisit the complex result of the infinite square well to
obtain the quaternic solution. In Secton III we apply the procedure to the finite square well. Section IV rounds
off the article with our conclusions and future directions.
II. INFINITE SQUARE WELL
The quaternic Schro¨dinger equation is
h¯
∂Ψ
∂t
i =
(
−
h¯2
2m
∇2 + V
)
Ψ, (3)
where the wave function Ψ and the potential V are both quaternic. The imaginary unit i necessarily multiplies
the right hand side of the time derivative of the wave function, and the equation holds for complex wave
functions as well. We used this equation to study the infinite one-dimensional square well, a problem that is
still much studied in quantum mechanics [39], despite its simplicity and its antiquity. However, the original
formulation is too tight to our aim, and a small modification in the potential is necessary. Accordingly, the
potential of an infinitely deep square well of width ℓ is
V(x) =
{
0 if x ∈ [0, ℓ]∞ if x ∈ (−∞, 0) ∪ (ℓ, ∞). (4)
In its original formulation, the infinite square well potential is defined for the open interval (0, ℓ), but the
potential (4) has x = 0 and x = ℓ as additional points inside the zero potential region. This topological change
replaces the usual open domain of the wave function with a closed domain that will enable the existence of
additional solutions. Let us then consider each case.
A. complex solution
In order to have a reference to the quaternic case, we solve the infinite potential well (4) for a complex wave
function. Separating the variables, the wave function reads
Ψ(x, t) = Φ(x)e−i
E
ℏ
t, (5)
where E is the total energy of the system. The time-independent Schro¨dinger equation is simply,
d2Φ
dx2
= −k2Φ with k =
√
2mE
ℏ
. (6)
The general solution for (6) with integration constants A and B is
Φ(x) = Aeikx + Be−ikx where A, B ∈ C. (7)
3We propose three different boundary conditions, namely
i. Φ(0) = Φ(ℓ) = 0 ii. Φ(0) = Φ(ℓ) 6= 0 iii. Φ(0) = −Φ(ℓ). (8)
Conditions (8-ii) and (8-iii) comprise the symmetric and anti-symmetric boundary conditions, and (8-i) is the
particular case of (8-ii) that generates the usual solution of the quantum infinite square well. In fact, condition
(8-i) imposes B = −A in (7) and generates the usual square well solutions set, namely
Φn(x) =
√
2
ℓ
sin
(nπ
ℓ
x
)
En =
1
2m
(
nπℏ
ℓ
)2
and n ∈ N. (9)
Condition (8-ii) demands that B = eikℓA and the energy condition will be
kℓ = 2nπ+ϕ0, where ϕ0 ∈ [0, 2π] and n ∈ Z. (10)
Demanding orthogonality between the physical states, we obtain that ϕ0 = 0, and thus the solutions set is
Φn(x) =
√
2
ℓ
cos
(
2nπ
ℓ
x
)
En =
1
2m
(
2nπℏ
ℓ
)2
and n ∈ N. (11)
By the same token, (8-iii) is
Φn(x) =
√
2
ℓ
cos
[
(2n + 1)π
ℓ
x
]
En =
1
2m
[
(2n + 1)πℏ
ℓ
]2
and n ∈ Z+. (12)
The single physical change that comes from conditions (8-ii) and (8-iii) comprises the energy gaps between the
physical states, respectively
i.
En+1 − En
1
m
(
πℏ
ℓ
)2 = n+ 12 ii. En+1 − En1
m
(
πℏ
ℓ
)2 = 4(n+ 12
)
iii.
En+1 − En
1
m
(
πℏ
ℓ
)2 = 4(n + 12
)
+ 2. (13)
We observe that the behavior of the energy gaps are different in each case, that are physically nonequivalent
and hence correspond to novel solutions. The physical observables that remain preserved irrespective of the
case are
〈x〉 = ℓ
2
〈p〉 = 0 〈p2〉 = 2mE. (14)
The observables 〈xn〉may have slight differences, but the uncertainty relation ∆x∆p ≥ ℏ/2 remains untouched.
Thus, the wave functions are not identical probability densities, and wemay expect deviations of the expectation
values from the usual case, although they have identical results for position and momentum.
These results may be considered an interesting pedagogical exercise for quantum mechanics classes. How-
ever, the new potential (4) and piecewise continuous wave functions are necessary conditions for HQM, as
follows in the next case.
B. quaternic solution
In this case, the time independent solutions for (8) will be sought as
Φ(x) = a
(
coskxeiφ0 + sin kxeiξ0 j
)
, with a ∈ R and φ0, ξ0 ∈ [0, 2π]. (15)
We notice that the normalization constant is real because the Hilbert space is real, in agreement with [32, 33].
It is important to notice that (15) does not represent a wave superposition, because the quaternic and complex
components are orthogonal. Such a wave function was firstly proposed in [33] as the basis element of the the
quaternic Fourier series. Thus, we have an interesting analogy between the complex case and the quaternic
case. The boundary condition (8-i) is too tight because it forcesΦ(x) = 0 everywere. On the other hand, imposing
(8-ii) and (8-iii) we respectively obtain
kℓ = 2nπ and kℓ = (2n + 1)π. (16)
4The normalization constant is immediately obtained to be
a =
1√
ℓ
. (17)
The stationary state elements comprise a basis elements that satisfies the orthogonality condition [32, 33]∫ ℓ
0
ΨkΨk ′ dx = δkk ′ , (18)
where we used
ΨkΨk ′ =
1
ℓ
[
cos(k − k ′)x + sin(k− k ′)x ei(φ0+ξ0) j
]
. (19)
The expectation value definition for a real Hilbert space [32, 33], namely
〈O〉 = 1
2
∫
dx3
[(OΨ)Ψ + Ψ(OΨ)], (20)
enables us to recover the expectation values of (11-12). On the other hand, the quaternic square well is more
restrictive than the complex square well, because the condition kℓ = nπ that generates (9) produces a trivial
solution in HQM. This seems counter-intuitive, because it was expected that additional degrees of freedom
would allow additional solutions, and not fewer solutions. One could hypothesize that this is an effect of the non-
commutativity of the wave function. However, quaternic wave functions have additional boundary conditions
concerning the purely quaternic part of the wave function, and these additional conditions eliminated the
solutions whose energy is identical to (9).
C. combined quaternic solution
In this section we study quaternic solutions of the form
Ψnp = Anψn + Bpψp j where An, Bp ∈ C, n, p ∈ N (21)
and ψn are complex wave functions that satisfy (3-4). Thus, (21) comprises two non-degenerate solutions of
CQM, where n 6= p, jointed in a single quaternic structure. We name such functions the combined quaternic
solution. A naive orthogonality condition for such kind of wave function is something like〈
Ψnp, Ψn ′p ′
〉
= an δnn ′ + bp δpp ′ (22)
where an and bp are real constants. This condition is not sufficiently tight to determine the coefficients of a
quaternic function through a Fourier expansion. An additional parallelism condition will be necessary, as we
shall see in the example below. We remember that we can define an angle between two quaternions using the
inner product (20), and thus we obtain the angle between Ψ and OΨ after dividing (20) by the norm of each
quaternion. The concepts of orthogonality and parallelism are immediate from this definition [1]. Let us then
consider the quaternic wave function
Ψnp =
√
2
ℓ
[
cosθnp sin
(nπ
ℓ
x
)
e−i
En
h¯
t + sin θnp sin
(pπ
ℓ
x
)
ei
Ep
h¯
tj
]
, (23)
which satisfies the boundary condition (8-i) and whose energies come from (9). Using the energy operator
Ê =
(
h¯∂t|i
)
, where (a|b)f = a f b, we get〈
Enp
〉
= En cos
2 θnp + Ep sin
2 θnp, (24)
and the complex case is recovered either for n = p or in the limit θnp = 0. The most general solution in a real
Hilbert space is
Ψ(x, t) =
∑
n,p∈N
cnpΨnp(x, t) where cnp ∈ R. (25)
5Imposing the constraint
p = p(n), where p : N→ N (26)
where p(n) have to be injective. Consequently δnn ′ = δpp ′ and we are allowed to make θnp → θn to obtain
the orthogonality condition, 〈
Ψnp, Ψn ′p ′
〉
= cosθn cosθn ′δnn ′ + sin θn sin θn ′δpp ′
= δnn ′ . (27)
We point out that the orthogonality condition requires that θn = θn ′ , the quaternic parallelism condition. We re-
member that each basis element of a complex Fourier series is a complex exponential defined in a bi-dimensional
plane, and thus each basis element has a single orthogonal direction direction associated to it. However, each
quaternic basis element is defined inside a four-dimensional hypercomplex space, and consequently has three
orthogonal directions associated to it. Remembering that two quaternions p and q are parallel if pq¯ is real
[1], from (23) and (27) we observe that the parallel direction requires a fixed value to θnp. Consequently, the
orthogonality condition selects the direction parallel to Ψnp in the arbitrary function Ψ, and using (25-27) we
finally obtain 〈
Ψ(x, 0), Ψnp(x, 0)
〉
= cnp = cn. (28)
Therefore, the wave function (23) defines a subspace of the real Hilbert space where each basis element is an
independent physical state, in total agreement with CQM. In the simplest case, where θnp = θ, the minimum
difference between physical states is
E(n+1)p − Enp
1
m
(
h¯π
ℓ
)2 = (n + 12
)
cos2 θ. (29)
As expected, this result recovers the complex case (13-i) for θ = 0, which means that the quaternion case is
parallel to the complex case. The theta parameter thus quantify the deviation from the parallelism between
the pure complex and the quaternic case. Physically, the greater the deviation, the smaller the gap between
the physical states. However the precise physical meaning of the θ parameter is an open question for future
research.
III. FINITE SQUARE WELL
In this case, we adopt the usual real potential
V(x) =
{
0 if |x| ≤ ℓ/2
V0 if |x| > ℓ/2
where V0 > 0. (30)
Differently from (4), this the potential (30) is identical to the usual complex case. In the next section, we recover
the usual results that can be found in every textbook of quantum mechanics, and that will be the reference to
the quaternic cases.
A. the complex solution
The finite well admits bound solutions and scattered solutions as well. In both of them, the complex wave
function and its first derivative are continuous at the boundaries of the well, where x = ±ℓ/2. In the case of
bound states, where E < V0, the time independentCQM wave function is
φ(x) =


Aeκx for x < −ℓ/2
B coskx for |x| < ℓ/2
Ae−κx for x > ℓ/2
(31)
where k and κ are
κ =
√
2m |V0 − E|
ℏ
and k =
√
2mE
ℏ
. (32)
6and the normalization constants are
A2 =
keκℓ
k
κ
+ 1
2
(
1+ κ
2
k2
)(
kℓ+ sin kℓ
) B2 = k
(
1+ κ
2
k2
)
k
κ
+ 1
2
(
1+ κ
2
k2
)(
kℓ+ sin kℓ
) . (33)
The quantization of the finite square well is numerically obtained from the transcendental equation√
V0
E
− 1 = tan
√
m
2
(V0 − E)
ℓ
h¯
. (34)
On the other hand, the scattered states have V0 < E and the wave function is
ϕ(x) =


eiκx + Re−iκx if x < −ℓ/2
C coskx+D sin kx if |x| < ℓ/2
T eiκx if x > ℓ/2,
(35)
where C, D, R and T are complex constants. The continuity of the wave function and its first derivative at the
wedges of the well permit us obtain
R = i
sin kℓ
2
k2 − κ2
kκ
T and T = 2e−iκℓ
2 coskℓ+ ik
2+κ2
kκ
sin kℓ
4 cos2 kℓ+
(
k2+κ2
kκ
)2
sin
2
kℓ
. (36)
|R|2 and |T |2 are respectively the coefficients of reflection and transmission, which satisty |R|2 + |T |2 = 1. Let us
keep the above well known results as a reference to the quaternic solutions that follow.
B. quaternic bound state
We expect bound states inside the well for energies within the range (0, V0). Therefore we propose the solution
Φ(x) =


Aeκx if x < −ℓ/2
B
(
coskx eiφ2 + sin kx eiξ2 j
)
if |x| < ℓ/2
Ce−κx if x > ℓ/2,
(37)
where A, B and C are real integration constants. Differently from the complex case, we impose the continuity
for the absolute value of the wave function and its first derivative at x = ±ℓ/2. The continuity of the absolute
value of the quaternic wave functions (|Φ|2) gives
A2 = C2 = B2eκℓ (38)
The normalization also leads to
B2 =
κ
1+ κℓ
(39)
On the other hand, using (33) and the continuity of the absolute value the wave function’s first derivative (|Φ ′|2)
imposes
k2 = κ2 and consequently E =
V0
2
. (40)
Therefore the energy is not quantized. However, the continuity of the absolute value of the wave function
additionally impose a symmetry condition and the consequent quantization where
Φ
(
ℓ
2
)
= Φ
(
−
ℓ
2
)
, mn =
4
V0
[
nπh¯
ℓ
]2
and n ∈ N. (41)
Conversely, the anti-symmetric case comprises
Φ
(
ℓ
2
)
= −Φ
(
−
ℓ
2
)
, mn =
4
V0
[
(2n − 1)πh¯
ℓ
]2
and n ∈ N. (42)
7Remembering that the potential V0 is a free parameter, we conclude that the mass mk is quantized, and the
existence of a bound state is determined by the existence of a particle whose mass fits the conditions (36-37). In
the limit of infinite energy, where κ → ∞, the normalization integrals vanish outside the well and we obtain
a massless single state of divergent energy trapped inside an infinite square well. These features make the
quaternic solution new and without a complex counterpart. Imposing similar boundary conditions in CQM,
condition (40) is replaced with
1−
V0
E
= cot2
kℓ
2
, (43)
and infinite numerically defined energy levels come. Consequently, the quaternic solution is something com-
pletely novel.
C. scattering state
The time independent solutions for V0 < E are
Φ(x) =


eiκx + R e−iκx if x < −ℓ/2
T
(
coskx eiφ2 + sin kx eiξ2j
)
if |x| < ℓ/2
Deiκx if x > ℓ/2,
(44)
and the integration constants R, T and D are real. The the transmitted waves are related according to
R2 + T2 = 1. (45)
We interpret (45) as a constraint that selects the physical states. Imposing the continuity of the absolute value
of the wave function at x = ± ℓ/2 , we obtain
1+ R2 + 2R cosκℓ = T2 = D2. (46)
However, coherently with the asymmetrical character of the problem, we impose the continuity of |Φ ′| at the
scattering point x = ℓ/2 only, so that
1+ R2 − 2R cosκℓ = T2
(
k
κ
)2
. (47)
We stress that this boundary condition is totally novel. From (45-46) we get
R = − cosκℓ and T2 = sin
2
κℓ. (48)
Consequently the quantization condition is
tan2 κℓ = 4
(
E
V0
− 1
)
(49)
and the reflection and transmission coefficients are such that
R2 =
1
4
V0
E
1− 3
4
V0
E
, and T2 =
1− V0
E
1− 3
4
V0
E
. (50)
Therefore, the transmission increases with the energy and asymptotically approximates the total transmission,
as expected. On the other hand, there are two points of intersection around pℓ = (2n+ 1)π/2. Thus the allowed
states are quantized, as expected. However, we point out that the quantization condition is similar to (43), that
quantizes complex bound states. This similarity between the complex bound states and the quaternic scattering
states is a novel and interesting result. Furthermore, the quaternic solution is again more restrictive than the
complex scattering, where the energy is not quantized. The differences between the complex and quaternic
cases are consequently remarkable. Finally, we have two possible limit cases whose lowest approximations give
V0 ≈ E ⇒ T2 ≈ 1 and κπ = 2nπ (51)
V0 ≪ E ⇒ R2 ≈ 1 and κπ = (2n + 1)π
Remembering that E > V0, these limit cases indicate the situations when free particles have quantum energies,
which may be obtained adiabatically within the limit V0 → 0. Furthermore, the result indicates that low energy
free particles must have quantum energies, something that is not seen in CQM. Consequently, the finite square
well leaves interesting directions for future research.
8IV. CONCLUSION
In this article we presented the quaternic solutions to the simplest one-dimensional quantum problems: the
infinite and the finite quantum wells. Two innovations were decisive to obtain these solutions: the real Hilbert
space and the quaternic Fourier series, and one of the most interesting novelties are the combined solutions,
where complex solutions of arbitrary energies were used to obtain a single quaternic solution.
The results show that the quaternic solutions are more restrictive than the complex ones, and this feature
is due to the additional boundary conditions imposed to quaternic wave functions. However, the quaternic
solutions are physically different from the complex ones, and thus different physical system can be modeled
using these techniques.
In summary, the article presents a new technical framework that enable to built novel quantum solutions.
There are many possible directions for future research, simply because the whole non-relativistic quantum
mechanics can be studied using these new implements. Intersting results may be obtained from the previous
results in CQM, for example concerning application of the rectangular potentials to the Stark effect, and also
to supersymmetry [39]. However, the most simple possibilities shall be obtained building different kinds of
combined solutions. Moreover, the relativistic quantum theory is also open to explore using this new machinery
and other quaternic alternatives [30, 31]. Consequently we expect further new solutions in the near future.
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